Let D = (V (D), A(D)) be a digraph and k ≥ 2 an integer. We say that D is k-quasi-transitive if for every directed path
Introduction
We will denote by D a finite digraph without loops or multiple arcs in the same direction, with vertex set V (D) and arc set A(D). All walks, paths and cycles will be considered to be directed. For undefined concepts and notation we refer the reader to [1] and [4] .
We say that a vertex u ∈ V (D) dominates a vertex v ∈ V (D) if (u, v) ∈ A(D), and denote it by u → v; consequently, u → v will denote that (u, Although no characterization is known for k-quasi-transitive digraphs with k ≥ 4, in [6] some structural results were obtained and used to prove, for instance, that for every even positive integer k, a k-quasi-transitive digraph has a (k +1)-king if and only if it has a unique initial strong component, generalizing the first statement of Theorem 1.2.
This work has three main objectives. First, to complete the generalization mentioned in the previous paragraph, that is, to prove that for an odd integer k ≥ 5, a k-quasi-transitive digraph has a (k + 1)-king if and only if it has a unique initial component, hence obtaining the following theorem.
Theorem 1.3. Let k ≥ 2 be an integer and D a quasi-transitive digraph. Then D has a (k + 1)-king if and only if it has a unique initial strong component.
Second, we will prove a result analogous to (a) of the second statement of Theorem 1. Third, as it is usual in the study of k-kings, we will calculate a lower bound for the number of (k + 1)-kings in a k-transitive digraph with a unique initial component. Also, for a k-quasi-transitive digraph we will give sufficient conditions for the existence of: 3-kings, for even values of k and 4-kings, for odd values of k. Our main results are contained in the following theorems. The structure of the present work is the following. In Section 2 the necessary technical results for the rest of the paper are proved; some of this results are interesting on their own, mainly because they shed some light on the structure of k-quasi-transitive digraphs. Section 3 has as cornerstones Propositions 1.4 and 1.5; once these propositions are proved, we focus on the distribution of (k + 1)-kings in a k-quasi-transitive digraph with a unique initial component, which will help us in the next section. In Section 4, the results of Section 3 are used to prove Theorems 1.6 and 1.7; an improvement on the minimum number of 3-kings in quasi-transitive digraphs is given. At last, in Section 5, we use our results to prove true a conjecture stated in [6] : If k ≥ 3 is an odd integer, then every k-quasi-transitive digraph has a (k + 2)-kernel.
Basic Tools
The following lemmas are proved in [6] .
Lemma 2.1. Let k ∈ N be an even natural number, D a k-quasi-transitive digraph and u, v ∈ V (D) such that a uv-path exists. Then:
Lemma 2.2. Let k ∈ N be an odd natural number, D a k-quasi-transitive digraph and u, v ∈ V (D) such that a uv-path exists. Then:
The next result is a simple, yet very useful, consequence of Lemmas 2.1 and 2.2.
Proof. Since S 1 and S 2 are distinct strong components of D and S 1 reaches S 2 , then S 2 cannot reach S 1 . Let u ∈ V (S 1 ) and v ∈ V (S 2 ) be arbitrarily chosen. If d(u, v) ≥ k, then Lemma 2.1 or 2.2, depending on the parity of k, implies that v reaches u, contradicting the previous observation. Hence, d(u, v) ≤ k − 1.
We now propose some structural properties analogous to those proved by Bang-Jensen and Huang for quasi-transitive digraphs.
Lemma 2.4. Let k ≥ 2 be an integer and D a k-quasi-transitive digraph. If P = (u 0 , u 1 , . . . , u k+1 , u k+2 ) is a u 0 u k+2 -path of minimum length, then u k+2 → u k−i for every odd i, 1 ≤ i ≤ k.
Proof. By induction on i. It follow from Lemmas 2.1 and 2.2 that u k+2 → u 0 . Clearly, (u k+2 , u 0 ) ∪ (u 0 P u k−1 ) is a u k+2 u k−1 -path of length k, and thus, the
For the inductive step, let us suppose that u k+2 → u k−m for some odd integer
The result now follows from the Principle of Mathematical Induction.
Proof. By induction on i. It follow from Lemmas 2.1 and 2.2 that
is a u k+1 u k−2 -path of length k, and thus, the k-quasi-transitivity of D implies that
For the inductive step, let us suppose that u k+1 → u k−m for some even inte-
Proof. It has been proved in Lemma 2.4 that u k+2 → u k−i for every odd i,
For the remaining cases, we will proceed by induction on i for even 0 ≤ i ≤ k. It follows from Lemma 2.4 that
, but the choice of P of minimum length implies that
The k-quasi-transitivity of D and the choice of P imply that u k+2 → u k−(m+2) .
The last results of this section are our main tools to prove the existence of a (k + 1)-king in a k-quasi-transitive strong digraph, and hence, in an arbitrary k-quasi-transitive digraph with a unique initial strong component.
would be a uv-path in D shorter than P , resulting in a contradiction. Therefore, v → w and
. Lemma 2.6 implies that v → u 2 and we have already observed that v → u. But the choice of P of minimum length implies that u → u 2 and D is loopless, so u → u. We conclude that d
, then Lemmas 2.6 and 2.1 imply v → u 3 and u k → u, respectively. Thus, if w ∈ N + (u), we can consider
Once again, it follows from Lemma 2.6 that v → u i for every 0 ≤ i ≤ k. Also, the choice of P as a uv-path of minimum length and the fact that D is loopless imply that u → u i with i ∈ {0, 2, 3, . . . , k}. Thence,
is a u k+1 w-path of length 3. The k-quasitransitivity of D and the minimality of length of P imply that u k+1 → w and hence,
2 . Now, we can assume that k ≥ 5. Lemma 2.5 gives us u k+1 → u k−i for every even i such that 2 ≤ i ≤ k, and hence, u k+1 → u 3 . So, we can consider the u k+1 w-path
Recalling that P is a u 0 u k+2 -path of minimum length, we can conclude that u 0 → u j for every j ≥ 2. Hence d
Proof. By Lemma 2.6, u k+2 → u i for every 0 ≤ i ≤ k. In particular, u k+2 → u 0 , so we can consider w ∈ V (D) such that 0 < d(u 0 , w) = n ≤ k and P ′ = (u 0 , w 1 , w 2 , . . . , w n = w) a u 0 w-path realizing the distance between u 0 and w.
If k = 2 and
is a u k+2 w-path of length k ∈ D. If n = k, then, by the previous cases, u k+2 → w 1 and thus
Proof. It follows from Lemma 2.4 that u k+2 → u i for every even i such that
. . , w n = w) a u 0 w-path realizing the distance between u 0 and w.
If k = 3 and
So, if d(u 0 , w) is even and less than or equal to k, then a u k+2 w-path of length k exists in D. Since D is k-quasi-transitive, we have that u k+2 → w or w → u k+2 . But d(u 0 , u k+2 ) = k + 2, hence w → u k+2 and therefore u k+2 → w.
Existence Results
We begin this section proving that, for every integer k ≥ 2, every k-quasitransitive strong digraph has a (k + 1)-king. It is important to remark that our result is not merely existential, we describe which vertices of the digraph are (k + 1)-kings.
, which results in a contradiction. Since the contradiction arose from assuming that v is not a (k + 1)-king, it must be the case that v is a (k + 1)-king.
We are now ready to prove Propositions 1.4 and 1.5. Again, we do not simply prove the existence of (k + 1)-kings in a k-quasi-transitive digraph D, we observe that through a simple exploration of the out-degrees of the initial component of D, we can easily find such (k + 1)-kings. As a matter of fact, since constructing the condensation of D can be done in linear time, a (k + 1)-king can be found in linear time in a k-quasi-transitive digraph.
Recalling that every strong component of D must be reached by some initial strong component and C is the unique initial strong component, Lemma 2.3 implies that v is a (k + 1)-king of D.
Proof of Proposition 1.5. Let v ∈ V (C) be such that ∆ 
and w is also a 3-king. 
. . , v, u) be a u ′ u-path of minimum length. We can deduce from the choice of u that v is not
. But v → u and u is a (k + 1)-king, implying that v is a (k + 2)-king. It follows from Corollary 3.4 that a vertex w exists in V (C) such that d(v, w) = k + 2 and w is a 2-king. Our result is now proved for u 1 = u, u 2 = v and u 3 = w. The last statement follows directly from Theorem 3.3.
Let us point out that Corollary 3.5 gives us two possibilities for a k-quasitransitive digraph with even k ≥ 4 and a unique initial strong component C: every vertex in C ia (k + 1)-king of D or there exists a 2-king in D. The result does not hold for k = 2, but in [3] the existence of 2-kings in quasitransitive digraphs was characterized. As we mentioned in the introduction, we can summarize the results for the existence of (k + 1), 3 and 2-kings in k-quasitransitive digraphs, for even k ≥ 4, in Theorem 1.6.
Proof of Theorem 1.6. Let us assume that there is at least one vertex that is not a (k + 1)-king. It follows from Corollary 3.5 that a 2-king u exists in C.
Since not every vertex of C is a (k + 1)-king, and C is strong, there must be at least one vertex v ∈ V (C) such that v → u. Clearly v is a 3-king. 
Also, every vertex at distance k + 2 from u 2 is a 4-king.
Proof. Lemma 1.5 implies that a (k + 1)-king exists in
. . , v, u) be a u ′ u-path of minimum length. We can deduce from the choice of u that v is not a (k + 1)-king, because d(u ′ , v) < d(u ′ , u). But v → u and u is a (k + 1)-king, implying that v is a (k + 2)-king. By the choice of v we affirm that there exists a vertex w ∈ V (C) such that d(v, w) = k + 2. It follows from Theorem 3.6 that w is a 4-king. Our result is now proved for u 1 = u, u 2 = v and u 3 = w. The last statement follows directly from Theorem 3.6.
From here, it is easy now to prove Theorem 1.7. Now, let us suppose that there are exactly three vertices v 1 , v 2 = u 3 and v 3 at distance k + 2 from u 2 . We can consider the paths P 1 = (u 2 = x 0 , . . . , x k+1 = w 1 , x k+2 = v 1 ), P 2 = (u 2 = y 0 , . . . , y k+1 = w 2 , y k+2 = v 2 ) and P 3 = (u 2 = z 0 , . . . , z k+1 = w 3 , z k+2 = v 3 ) in D. Again, w 1 , w 2 , w 3 are 5-kings of D. Since there are not 3-kings in D, for each v i , 1 ≤ i ≤ 3, there must be at least one vertex at distance 4. We can assume that this vertex is one of the remaining v j , j = i, otherwise, Theorem 3.6 would give us the existence of a fourth 4-king. If w 1 = w 2 = w 3 , then w 1 is a 4-king, and we are done.
By Lemma 2.10 we have v 1 → y 4 , hence (w 1 , v 1 , y 4 )∪(y 4 P 1 v 2 ) is a w 1 v 2 -path of length k in D; the k-quasi-transitivity of D implies that w 1 → v 2 or v 2 → w 1 . By analogous arguments we can prove that there are arcs between w i and v j for i = j.
First, we will assume that w 1 , w 2 , w 3 are pairwise distinct. Let us suppose without loss of generality that d(v 2 , v 1 ) = 4, this implies that w 1 → v 2 . If w 1 → v 3 , then w 1 is a 4-king. Otherwise, we can consider two cases. If v 2 → w 3 , then (w 1 , v 2 , w 3 , v 3 ) is a path in D, hence d(w 1 , v 3 ) ≤ 4, and again, w 1 is a 4-king.  If w 3 → v 2 , then (w 3 , v 3 , w 1 , v 1 ) is a path in D, implying that d(w 3 , v 1 ) ≤ 4; hence w 3 is a 4-king of D.
IF w 2 = w 3 , then it cannot be the case that
Proof. Let v ∈ V (D) be such that d(u, v) = k+1 and P = (u = u 0 , u 1 , . . . , u k+1 = v) be a uv-path. We will prove by induction on n that d(v, w) = n ≤ k+1 implies d(v, w) ≤ k+1. The case n = 0 follows from Lemmas 2.1 and 2.2. Let w ∈ V (D) be such that d(u, w) = n + 1 ≤ k + 1 and let P ′ = (u = w 0 , w 1 , . . . , w n+1 = w) be a uw-path in D.
The Induction Hypothesis gives us that
Let us suppose that d(v, w) > k+1. Since d(v, w n ) = k+1 and w n → w, then d(v, w) = k + 2. It can be deduced from Lemmas 2.1 and 2.2 that d(w, v) = 1. 
On the minimum number of (k + 1)-kings
The main observations on the number of (k + 1)-kings in a k-quasi-transitive digraph with a unique initial strong component are collected in the results of this section. We divide them in two cases, even and odd values of k; as it is usual with k-quasi-transitive digraphs, the results for the even case are slightly better than the odd case.
Theorem 4.1. Let k ≥ 4 be an even integer and D a k-quasi-transitive digraph with a unique initial strong component C such that |V (C)| = n, then:
Also, in the last case, the (k + 1)-kings are distributed on a single path of length k + 1 or, if n ≥ 3, then there are at least k + 3 (k + 1)-kings.
Proof. The proofs of the first two statements are straightforward.
For the third, if n ≥ k + 2, Corollary 3.5 gives us to possibilities. That every vertex in C is a (k + 1)-king, and we are done. Or the existence of
and u 3 is a 2-king in D. Also, every vertex at distance k + 2 from u 2 is a 3-king.
For the second case, let P = (u 2 = v 0 , v 1 , . . . , v k+2 = u 3 ) a u 2 u 3 -path. Since u 3 = v k+2 is a 2-king, then for every vertex x ∈ V (D) such that d(x, v k+2 ) = n, x is an (n + 2)-king. Therefore, v i is a (k + 1)-king for every 3 ≤ i ≤ k + 2. Also, Corollary 3.5 gives us the existence of u 1 such that u 2 = v 0 → u 1 and u 1 is a (k + 1)-king. Since v 0 → u 1 , we have that u 1 = v i for every 2 ≤ i ≤ k + 2. Hence, we have found k + 1 different (k + 1)-kings.
If v 2 is a (k + 1)-king, we are done. Otherwise, v 2 is a (k + 2)-king. Corollary 3.4 implies the existence of w k+2 ∈ V (C) such that d(v 2 , w k+2 ) = k + 2 and w k+2 is a 2-king. Let P ′ = (v 2 = w 0 , w 1 , . . . , w k+1 , w k+2 ) be a v 2 w k+2 -path. Since w k+1 → w k+2 and w k+2 is a 2-king, we can conclude that w k+1 is a 3-king, i.e., w k+1 and w k+2 are (k + 1)-kings, because k ≥ 4. Let us prove that w k+1 and w k+2 are (k + 1)-kings different from the previously found (k + 1)-kings. Let us recall that d(v 2 , v j ) ≤ k for every 3 ≤ j ≤ k + 2 and d(v 2 , w k+2 ) > d(v 2 , w k+1 ) > k. Hence, w k+1 and w k+2 are different from the vertices v j with 3 ≤ j ≤ k + 2. And, since P = (u 2 = v 0 , v 1 , . . . , v k+2 = u 3 ) is a u 2 u 3 -path of minimum length, the k-quasi-transitivity of D implies that v k → u 2 , and hence,
Thus, w k+1 and w k+2 are different from u 1 . In this case we have found k + 3 different (k + 1)-kings.
For the final statement, again, if n ≥ k + 3 and every vertex of C is a (k + 1)-king, there is nothing to prove. Otherwise, and assuming that v 2 is not a (k +1)-king, we have already proved the existence of at least k + 3 (k + 1)-kings. If v 2 is a (k + 1)-king, Lemma 2.9 implies that v k+2 → u 1 , hence (v 2 , v 3 , . . . , v k+2 , u 1 ) is a path of length k + 1 such that all its k + 2 vertices are (k + 1)-kings of D. Proof. Again, the proofs of the first two statements are straightforward.
For the third, if n ≥ k + 2, Corollary 3.7 gives us to possibilities. That every vertex in C is a (k + 1)-king, and we are done. Or the existence of We will deal with the first case, the other two cases are very similar. If v 4 is not a (k + 1)-king, then it is a (k + 2)-king, because v 4 → v 5 and v 5 is a (k + 1)-king. Using Corollary 3.7 we can consider w k+2 ∈ V (C) such that d(v 4 , w k+2 ) = k +2 and w k+2 is a 4-king. Let P ′ = (v 4 = w 0 , w 1 , . . . , w k+1 , w k+2 ) be a v 4 w k+2 -path. By the choice of P ′ and since w k+2 is a 4-king, we deduce that w k+1 is a 5-king and w k is a 6-king. But k ≥ 5, so, w k , w k+1 and w k+2 are (k + 1)-kings because k ≥ 4. Besides, since P = (u 2 = v 0 , v 1 , . . . , v k+2 = u 3 ) is a path of minimum length, we have that
Thus, the vertices w k , w k+1 and w k+2 are different from the vertices v j with 5 ≤ j ≤ k + 2. Also, P = (u 2 = v 0 , v 1 , . . . , v k+2 = u 3 ) is a path realizing the distance from u 2 to u 3 , hence v k → u 2 and (
Hence, w k , w k+1 and w k+2 are also different from u 1 and we have found the k + 2 different (k + 1)-kings.
We will finalize this section improving the existing results for the number of 3-kings in quasi-transitive digraphs. These results are implicit in [2] . We need an additional definition and two results. Let D be a digraph with vertex set V (D) = {v 1 , . . . , v n } and H 1 , . . . , H n a family of vertex disjoint digraphs. The composition D[H 1 , . . . , H n ] of digraphs D and H 1 , . . . , H n is the digraph having n i=1 V (H i ) as its vertex set and arc set
In [2] , the following three results are proved. The following results cover the case for k = 2, which was missing from Theorem 4.1. Proof. In virtue of Lemma 2.3, it suffices to prove the result for strong digraphs. Let Q be a strong semicomplete digraph with vertex set {v 1 , . . . , v q }. If 2 ≤ q ≤ 4, then every vertex of Q is a 3-king. If q ≥ 5, a well known result tells us that there are at least three 2-kings, and being Q strong, then there must be at least one other vertex dominating one of these 2-kings, hence, there are at least four 3-kings. The existence of four 3-kings in a quasi-transitive strong digraph with at least four vertices follows from Lemma 4.4. The remaining cases are trivial. Proof. Again, it suffices to prove the result for strong digraphs, so let D = Q[W 1 , . . . , W q ] be a quasi-transitive strong digraph. From the previous theorem we have that there are at least four 3-kings x 1 , x 2 , x 3 , x 4 in D. Moreover, we can suppose without loss of generality that x i is a vertex of W i and v i is a 2-king of Q for 1 ≤ i ≤ 3. Since there are not 2-kings in D, Theorem 4.5 impliest that |W i | ≥ 2 for 1 ≤ i ≤ 3. The existence of the additional three 3-kings follows from Lemma 4.4.
(k + 2)-kernels in k-quasi-transitive digraphs
Let D = (V, A) be a digraph. A set S ⊆ V is k-independent if for every u, v ∈ S, d(u, v) ≥ k; and it is l-absorbent if for every u ∈ V \ S, there exists v ∈ S such that d(u, v) ≤ l. We say that K ⊆ V is a (k, l)-kernel of D if it is k-independent and l-absorbent. A k-kernel is a (k, k − 1)-kernel. In [6] , it is proved that for every even integer k ≥ 2, a k-quasi-transitive digraph always has a (k + 2)-kernel. Also, it is conjectured that an analogous result is valid for odd integers. Here, we prove that conjecture to be true. Proof. Observe that D is a k-quasi-transitive digraph if and only if ← − D is a kquasi-transitive digraph. Hence, we can consider the initial components I 1 , I 2 , . . . , I r of ← − D . Lemma 3.2 gives us the existence of a (k + 1)-king v j ∈ V (I j ). Let us recall that every vetex in D must be reached from an initial strong component. Hence, it can be obtained by Lemma 2.3 that every vertex in ← − D must be reached at distance less than or equal to k+1 by a vertex in {v 1 , v 2 , . . . , v r } = K. Since each v j is in a distinct initial component, it is clear that K is (k + 2)-independent. Thus, K is a (k + 2)-independent and (k + 1)-absorbent set in D, i.e., a (k + 2)-kernel.
We can observe that this result is as good as it gets in terms of k-kings. Let k ≥ 2 be an integer, and D the digraph consisting of the path (v 0 , v 1 , . . . , v k+1 ), of length k + 1, with two additional arcs, (v k , v 0 ) and (v k+1 , v 1 ). It is direct to observe that D is a strong k-quasi-transitive digraph without a k-king, nonetheless, {v 0 , v k+1 } is a (k + 1)-kernel of D. It was proved in [7] that every 2-quasitransitive digraph has a 3-kernel and in [6] that every 3-quasi-transitive digraph has a 4-kernel. So the following conjecture also stated in [6] seems reasonable. If true, this would be sharp: A (k + 1)-cycle is a k-quasi-transitive digraph without a k-kernel.
